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WEAK-STRONG UNIQUENESS FOR MEASURE-VALUED
SOLUTIONS TO THE EQUATIONS OF QUASICONVEX
ADIABATIC THERMOELASTICITY
MYRTO GALANOPOULOU, ANDREAS VIKELIS, AND KONSTANTINOS KOUMATOS
Abstract. This article studies the equations of adiabatic thermoelasticity
endowed with an internal energy satisfying an appropriate quasiconvexity as-
sumption which is associated to the symmetrisability condition for the system.
A G̊arding-type inequality for these quasiconvex functions is proved and used
to establish a weak-strong uniqueness result for a class of dissipative measure-
valued solutions.
Keywords: thermoelasticity, weak vs strong uniqueness, measure-valued so-
lutions, quasiconvexity, G̊arding inequalities
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1. Introduction
In this article, we consider the system of adiabatic thermoelasticity in Lagrangian
coordinates given by
∂tFiα − ∂αvi = 0







− ∂α(Σiαvi) = r,
(1.1)
that describes the evolution of a thermomechanical process
(




+ where the time variable t ∈ R+ and the spatial variable x ∈ R3. This is
a first-order system and a solution to (1.1), consists of the deformation gradient
F = ∇y ∈ M3×3, the velocity v = ∂ty ∈ R
3 and the specific entropy η. The first
equation is a compatibility relation between the partial derivatives of the motion,
the second describes the balance of linear momentum, while the third equation
stands for the balance of energy. One must include to (1.1) the constraint
∂αFiβ = ∂βFiα, i, α, β = 1, 2, 3 , (1.2)
which guarantees that F is a deformation gradient associated to the motion y(t, x).
We note that relation (1.2) is an involution, namely, it is propagated from the initial
data to the solution via (1.1)1.
The remaining variables in (1.1) are the Piola-Kirchhoff stress Σiα, the internal
energy e, and the radiative heat supply r. Here, the referential heat flux Qα = 0 as
this theory describes adiabatic processes, and it does not appear in the equations
(1.1). For simplicity we have normalised the reference density ρ0 = 1. The balance





and it can be derived from system (1.1). By contrast, for weak solutions, (1.3)
is replaced by the Clausius-Duhem inequality [1, 2, 3], according to the second
law of thermodynamics, and it serves as a criterion of admissibility for thermody-
namic processes that satisfy the balance laws of mass, momentum and energy. The
1
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system is closed through constitutive relations which, for smooth processes, are
consistent with the Clausius-Duhem inequality and describe the material response.
For thermoelastic materials under adiabatic conditions, the constitutive theory is
determined from the thermodynamic potential of the internal energy depending
solely on the deformation gradient F and the entropy η, via the relations







for the stress Σ and the temperature θ. We refer the reader to [1, 2] for a de-
tailed derivation of adiabatic thermoelasticity and its relation to other constitutive
theories.
System (1.1) belongs to a general class of hyperbolic problems that are sym-
metrisable in the sense of Friedrichs and Lax [4], under appropriate hypotheses. It










which in turn amounts to e(F, η) being strongly convex and θ(F, η) = ∂e(F,η)∂η > 0.
We refer the reader to Appendix B for a discussion on the connection of thermoe-
lasticity to the general theory of conservation laws for symmetrisable systems.
Convexity of e(F, η) suffices to apply the standard theory of conservation laws
to (1.1), however, the condition of convexity is too restrictive to encompass a large
class of materials. A broader notion of convexity is polyconvexity, that is e(F, η) =
g(F, cof F, detF, η) for some convex function g. For polyconvex energies stability
and weak-strong uniqueness results for system (1.1) have been obtained in [5, 6, 7].
Note that due to the presence of involutions (1.2), the positivity of the matrix
appearing in (6.24) is indeed only required on the cone
{
(a⊗ n, v, η) : a, n, v ∈ R3, η ∈ R
}
amounting to a notion of rank-one convexity for e(F, η). Nevertheless, as it was
proved by Dafermos in [8], weak-strong uniqueness for hyperbolic systems of con-
servation laws with entropies which are convex on the wave cone, can be established
under an extra assumption of small local oscilations on the weak solutions. Mo-
tivated by recent work in the isothermal problem of elasticity [9], and extensions
to more general PDE constrained conservation laws [10], we prove a weak-strong
uniqueness result for a suitable class of dissipative measure-valued solutions to (1.1)
without the assumption of small oscillations, whenever the internal energy e satisfies
a natural quasiconvexity assumption associated to the above cone, i.e.
∫
Ω






where φ ∈ W 1,p0 (Ω) and ψ ∈ L
q(Ω); see (2.1) and Definition 1 for more details.
We note that the quasiconvexity condition (1.5) is in a sense equivalent to the
classical notion of (curl, 0)-quasiconvexity, see Remark 1, and so it arises naturally
due to the involutions (1.2). As a consequence, our definition is more general than
polyconvexity.
In the spirit of [9] and [10], and in order to establish weak-strong uniqueness, we
consider the relative quantity
e(z1, z2|z̄1, z̄2) = e(z1, z2)− e(z̄1, z̄2)− eF (z̄1, z̄2) · (z1 − z̄1)− eη(z̄1, z̄2) · (z2 − z̄2)














In comparison with [10], in our case, the fact that part of the solution remains
unconstrained allows us to disregard the corresponding lower order terms in (1.6),
and only retain lower order terms associated with the constrained part. The work
presented in this paper borrows newly developed techniques from the calculus of
variations [11, 12, 17, 18] and constitutes the first result for the hyperbolic system
of thermoelasticity under quasiconvexity conditions.
The article is organised as follows: in Section 2, we introduce the appropriate
notions of quasiconvexity and measure-valued solutions for system (1.1). In Sec-
tion 3, we present the relative entropy inequality which is applied in Section 4 to
prove measure-valued vs strong uniqueness for the system of quasiconvex adiabatic
thermoelasticity. The proof requires a G̊arding-type inequality for these quasicon-
vex functions which is the content of Section 6, while Section 5 establishes some
necessary localisation (in time) results for these measure-valued solutions. Finally,
Appendix A contains some auxiliary results, while Appendix B discusses how sys-
tem (1.1) fits into the general theory of symmetrisable systems of conservation
laws.
2. Preliminaries
2.1. Quasiconvexity: Let Q be (any translation of) the unit cube (0, 1)d with
opposite boundaries glued or simply the d-dimensional torus Td. In the sequel,
since we often consider functions defined on cubes which are seen as subsets of the
unit cube Q, we prefer to define our integrals and functional spaces over Q with
opposite sides identified. That is, we write Lp(Q) instead of Lp(Td) but also Ck(Q)
instead of Ck(Td), i.e.
Ck(Q) :=
{
ψ ∈ Ck(Rd) : ∂αψ ∆-periodic for all d-multi-indices |α| ≤ k
}
where ∆ denotes the unit cell of the lattice Zd.
In the spirit of [9], [10], we replace convexity of the free energy by a notion of
quasiconvexity which we define below, Definition 1. The system (1.1) together with
(6.24) indicate that our notion of convexity should at least imply convexity on the
directions of the wave cone
Λ :=
{
(a⊗ n, η) : a, n,∈ R3, η ∈ R
}
.
To this end, we say that a continuous function e is quasiconvex at (λ1, λ2) ∈
R
d×d × R if the inequality
∫
Q
e(λ1 +∇φ(x), λ2 + ψ(x))− e(λ1, λ2)− eη(λ1, λ2)ψ(x)dx ≥ 0,
holds for all φ ∈ W 1,∞(Q) and ψ ∈ L∞(Q). The above definition can equivalently
be expressed over arbitrary domains. In particular, for Ω ⊆ Rd a non-empty open
subset with |∂Ω| = 0, e is quasiconvex at (λ1, λ2) ∈ R
d×d × R if the inequality
∫
Ω
e(λ1 +∇φ(x), λ2 + ψ(x)) − e(λ1, λ2)− eη(λ1, λ2)ψ(x)dx ≥ 0,
holds for all φ ∈W 1,∞0 (Ω) and ψ ∈ L
∞(Ω).
Henceforth, we assume that e has (p, q)-growth, i.e. |e(z1, z2)| ≤ c(1+ |z1|
p+ |z2|
q),
and then by density we can also express the above definition with test functions in
W 1,p(Q) and Lq(Q) or in W 1,p0 (Ω) and L
q(Ω) respectively.
The results presented in this paper require a strengthened version of quasicon-
vexity which we now introduce. Let p, q ≥ 2 and define the auxiliary function
Vi : R
k → R by
Vi(z) := (|z|
i + |z|2)1/2, (2.1)
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where k = 1, k = d or k = d× d and i ∈ N.
Definition 1. Let Ω ⊆ Rd be a non-empty open subset with |∂Ω| = 0. A continuous
function e is strongly quasiconvex at (λ1, λ2) ∈ R
d×d × R if the inequality
∫
Ω






holds for all φ ∈ W 1,p0 (Ω) and ψ ∈ L
q(Ω). Equivalently, e is strongly quasiconvex
at (λ1, λ2) ∈ R
d×d × R if
∫
Q






for all φ ∈ W 1,p(Q) and ψ ∈ Lq(Q). In addition, we say that e is (strongly)
quasiconvex if it is (strongly) quasiconvex at (λ1, λ2) for all (λ1, λ2) ∈ R
d×d × R.
Remark 1. At first sight, our definition of quasiconvexity, Definition 1, differs
from the classical definition of (curl, 0)-quasiconvexity associated with the cone Λ,
see [13] for more details. We remark that, with respect to the latter definition, e is
strongly (curl, 0)-quasiconvex if
∫
Ω






for all φ ∈ W 1,p0 (Ω) and ψ ∈ L
q(Ω) with ψ|Ω :=
∫
Ω
ψ = 0. In fact, the two
definitions are in a sense equivalent. In particular, if e is quasiconvex for all
(λ1, λ2) ∈ R
d×d × R then it is also strongly (curl, 0)-quasiconvex up to a possi-
bly different constant c0 (the reverse is obvious). Indeed, write
e(λ1 +∇φ, λ2 + ψ)− e(λ1, λ2)− eη(λ1, λ2)ψ
= e(λ1 +∇φ, λ2 + ψ|Ω + ψ − ψ|Ω)− e(λ1, λ2 + ψ|Ω)
+ e(λ1, λ2 + ψ|Ω)− e(λ1, λ2)− eη(λ1, λ2)ψ|Ω − eη(λ1, λ2)ψ + eη(λ1, λ2)ψ|Ω,
and then use the inequality (2.2) together with the fact that, for all (λ1, λ2) ∈
R
d×d × R and ξ ∈ R, it holds that
e(λ1, λ2 + ξ)− e(λ1, λ2)− eη(λ1, λ2)ξ ≥ c0|Vq(ξ)|
2.
The latter arises due to the convexity of e in λ2, according to Definition 1.
2.2. Dissipative measure-valued solutions: For p ≥ 0, let Cp(R
d) denote the










while the space C0(R









Identifying the space of signed Radon measures M(Rd) equipped with the total
variation norm as isometrically isomoprhic to the dual of C0(R
d), a (parametrised)




values in the space of probability measures. The space L∞w∗(Q,M(R
d)) consists of
all weak-∗ measurable, essentially bounded maps ν : Q ∋ x 7→ νx ∈ M(R
d), i.e. all
maps such that














and this defines the weak-∗ limits of Young measures. The Fundamental Theorem
of Young measures in Lp states that given a bounded sequence (Un) in L
p(Q)
(1 ≤ p < ∞), there exists a subsequence and a parametrized family of Young
measures ν = (νx)x∈Q such that
g(Un)⇀ 〈νx, g〉 in L
1(Q), ∀ g ∈ Cp(R
d), (2.3)
and we say that the sequence (Un) generates the Young measure ν. We call ν
a p−Young measure since it is generated by a bounded sequence in Lp. In fact,
the sequence (g(Un)) converges as in (2.3) whenever it is equiintegrable and the
barycentre 〈νx, id〉 of the generated Young measure gives the weak limit of the
sequence Un, i.e.
Un ⇀ 〈νx, id〉 in L
p(Q).
If Un = ∇un for un ∈W
1,p(Q), then we call ν a gradient p−Young measure. Below,
we wish to consider generating sequences (Un) ⊂ L
∞(0, T ;Lp(Q)), defined both in
time and space, for some T > 0. Then, the associated Young measure νt,x, with




〈νt,x, | · |
p〉 <∞.
In our context, we naturally consider measure-valued solutions as limits of approx-





e(F ε, ηε) +
1
2
|vε|2 dx ≤ C, (2.4)
coming by integrating in QT the energy conservation equation (1.1)3, given that
the radiative heat supply r is bounded in L1(QT ) and that the initial data have
bounded energy. Assuming the growth condition on the energy:
c(|F |p + |η|q − 1) ≤ e(F, η) ≤ c(|F |p + |η|q + 1), (2.5)
then growth (2.5) together with (2.4), implies the following uniform in ε bounds:
F ε ∈ L∞(0, T ;Lp(Q)), vε ∈ L∞(0, T ;L2(Q)), ηε ∈ L∞(0, T ;Lq(Q)). (2.6)
Then, the sequence {(F ε, vε, ηε)} generates a family of probability measures
νt,x ∈ P(M
3×3 × R3 × R)
given by the mapping (νt,x) : QT ∋ (t, x) 7→ νt,x. The Young measure (νt,x) is an
element of the space L∞w∗(QT ,M(R
13)) representing weak limits of the form
wk-∗- lim
ε→0
ψ(F ε, vε, ηε) = 〈νt,x, ψ(λF , λv, λη)〉, (2.7)
for all continuous functions ψ = ψ(λF , λv, λη) such that
lim
|λF |p+|λv|2+|λη |q→∞
|ψ(λF , λv, λη)|
|λF |p + |λv|2 + |λη|q
= 0, (2.8)
where in (2.7) the notation 〈νt,x, ·〉 stands for the average
〈νt,x, ψ(λF , λv, λη)〉 =
∫
ψ(λF , λv, λη) νt,x(dλF , dλv, dλη)
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and λF ∈ M
3×3, λv ∈ R
3, λη ∈ R. The marginal of νt,x generated by (F
ε)ε = (∇y
ε)ε
is a gradient p−Young measure, while the marginals generated by (vε) and (ηε) are
a 2- and a q-Young measure respectively. In particular,
F ε
∗
⇀ 〈νt,x, λF 〉 =: F weak-∗ in L
∞(0, T ;Lp(Q)) ,
vε
∗
⇀ 〈νt,x, λv〉 =: v weak-∗ in L
∞(0, T ;L2(Q)) ,
ηε
∗
⇀ 〈νt,x, λη〉 =: η weak-∗ in L
∞(0, T ;Lq(Q)) .
We note that the space Cp(R
d) is separable equipped with the norm ‖g(·)/(1 + | ·
|p)‖L∞ , and so is the space Cp,q(R
d × R) defined as
Cp,q(R
d × R) :=
{







equipped with the norm ‖g(·)/(1+ | · |p+ | · |q)‖L∞ . As a result, the internal energy
function e(λF , λη) belongs to the separable space Cp,q(R
9×R) (M3×3 ≃ R9) under
the aformentioned norm.
To take into account the formation of concentration effects, we introduce the
concentration measure γ, that depends on the total energy. This is a well-defined
nonnegative Radon measure for a subsequence of
1
2
|vε|2 + e(F ε, ηε).
Since we know that the functions (F ε, vε, ηε) are all bounded in some Lp space
-because of (2.6)- we may apply the generalized Young measure Theorem [14, 15],
in order to pass to the limit, since the only assumption required is L1 bounded-
ness. Indeed, letting Ω be an open subset of Rd, the theorem asserts that given a
sequence of functions (un), un : Ω → R
m, bounded in Lp(Ω), (p ≥ 1) there exists a
subsequence (which we will not relabel), a parametrized family of probability mea-
sures ν ∈ L∞w∗(Ω;P(R
m)), a nonnegative measure µ ∈ M+(Ω) and a parametrized
probability measure on a sphere ν∞ ∈ L∞w∗((Ω, µ);P(S
m−1)) such that
ψ(x, un) dx ⇀
∫
Rm
ψ(x, λ) dνdx +
∫
Sm−1
ψ∞(x, z) ν∞(dz)dµ weakly-∗, (2.9)
for all ψ continuous with well-defined recession function






The sequences (F ε, vε, ηε) are bounded in different spaces and have different
growth, and as a result, we need to apply a refinement of the aforementioned





(u1n) is bounded in some L
p(Ω;Rb) and (u2n) is bounded in L
q(Ω;Rl) and define the
non-homogeneous unit sphere
Sb+l−1pq := {(β1, β2) ∈ R
b+l : |β1|
p + |β2|
q = 1} ,
for exponents p, q > 1. Then one can pass to the limit as in (2.9) where


























We define the generalized sphere
S12 = {(F, v, η) ∈ R13 : |F |p + |v|2 + |η|q = 1} .
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and we require it to be continuous on S12. Then, along a subsequence in ε,
1
2



















2 + e(λF , λη)
)∞〉
µ
weak-∗ in the sense of measures, where ν ∈ P(QT ;R
13), ν∞ ∈ P((QT , µ);S
12) and





2 + e(λF , λη)
)∞
> 0








2 + e(λF , λη)
)∞〉
µ ≥ 0 . (2.10)
The following definition of a measure-valued solution for system (1.1) thus arises:
Definition 2. A dissipative measure-valued solution to adiabatic thermoelasticity
(1.1), (1.3) consists of a thermomechanical process (y(t, x), η(t, x)) : [0, T ]× Q →
R
3 × R for any T > 0,
y ∈W 1,∞(0, T ;L2(Q)) ∩ L∞(0, T ;W 1,p(Q)) , η ∈ L∞(0, T ;Lq(Q)) , (2.11)
a parametrized family of probability measures ν = (νt,x)(t,x)∈QT and a nonneg-
ative Radon measure γ ∈ M+(QT ). The measure ν is generated by a sequence
(vε,∇yε, ηε) such that
(yε) is bounded in L∞(0, T ;W 1,p(Q))
(∂t∇y
ε) is bounded in L∞(0, T ;H−1(Q))
(ηε) is bounded in L∞(0, T ;Lq(Q)).
(2.12)
If (v, F, η) denote the averages
F = 〈νt,x, λF 〉 , v = 〈νt,x, λv〉 , η = 〈νt,x, λη〉 ,
then νt,x and γ satisfy
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2 + e(λF , λη)
〉






〈νt,x, r〉ϕ(t) dx dt,
(2.15)
holding for all ϕ ∈ C∞c ([0, T )), ϕ ≥ 0.
Remark 2. On the definition of the dissipative measure-valued solution:
(1) We remark that in addition to the uniform estimate (2.4), natural approx-
imations of (1.1), (1.3) produce a uniform bound on the time derivatives
of (F ε) and (vε) in a negative Sobolev space. We take all this into account
by assuming (2.12).
(2) The first equation holds in a classical weak form, due to its linearity.
(3) Henceforth, we assume the measure γ0 = 0,meaning that we consider initial
data with no concentrations at time t = 0.
(4) We choose to work with dissipative measure-valued solutions, namely so-
lutions that satisfy the integrated form of the averaged energy equation
(2.15). This approach has the technical advantage that one does not need
to place any integrability condition on the right hand-side of the energy
equation (1.1)3, namely on the term Σiαvi, since it appears as a divergence
and its contribution integrates to zero.
3. The averaged relative entropy inequality
Consider a strong solution (F̄ , v̄, η̄)T ∈ W 1,∞(QT ) to (1.1) that satisfies the
entropy identity (1.3) and a dissipative measure-valued solution to (1.1), (1.3) ac-
cording to Definition 2. We write the difference of the weak form of equations (1.1)
and (2.14), to obtain the following three integral identities
∫









(vi − v̄i)∂αφ1(t, x) dx dt,
(3.1)
∫










〈νt,x,Σiα(λF , λη)〉 − Σiα(F̄ , η̄)
)











































(〈νt,x, r〉 − r̄)φ3(t, x) dx dt, (3.3)
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for any φi ∈ C
1
c ([0, T ) × Q), i = 1, 2 and φ3 ∈ C
1
c ([0, T )). Similarly, testing the
difference of (1.3) and (2.14)3 against φ4 ∈ C
1
c ([0, T )×Q), with φ4 ≥ 0, we have
−
∫

















φ4(t, x) dx dt.
(3.4)
We then choose
(φ1, φ2, φ3) = −θ(F̄ , η̄)G(Ū)ϕ(t) = (−Σ(F̄ , η̄),−v̄, 1)
Tϕ(t),





































ϕ(t) dx dt ,
(3.5)
∫








































































(〈νt,x, r〉 − r̄)ϕ(t) dx dt. (3.7)
For inequality (3.4), we choose accordingly φ4 := θ(F̄ , η̄)ϕ(t) ≥ 0, ϕ ≥ 0 so that
−
∫











∂tθ(F̄ , η̄)(〈νt,x, λη〉 − η̄)



























2 + e(λF , λη)−
1
2
|v̄|2 − e(F̄ , η̄)
〉
(0, x)
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2 + e(λF , λη)−
1
2
|v̄|2 − e(F̄ , η̄)
〉



























− ∂tθ(F̄ , η̄)(〈νt,x, λη〉 − η̄)

















ϕ(t)R(t, x) dx dt . (3.9)
Using relations (1.4), the entropy production identity (1.3) that holds for strong
solutions and equation (1.1)1, the quantity R(t, x) in the integrand on the right




(F̄ , η̄)(Fiα − F̄iα)− ∂tη̄
∂2e
∂Fiα∂η


















(F̄ , η̄)〈νt,x, λη − η̄〉
+ ∂tη̄〈νt,x, θ(λF , λη)− θ(F̄ , η̄)〉 − ∂tη̄〈νt,x, θ(λF , λη)− θ(F̄ , η̄)〉



















(F̄ , η̄)(Fiα − F̄iα)−
∂θ
∂η










(F̄ , η̄)(Fiα − F̄iα)−
∂2e
∂η ∂Fjβ





〈νt,x, θ(λF , λη)− θ(F̄ , η̄)〉










+ 〈νt,x, r − r̄〉
= ∂tη̄
〈


















Above, we have used the following notation:
〈








(F̄ , η̄)(Fiα − F̄iα)−
∂θ
∂η














(F̄ , η̄)(λF − F̄ )−
∂2e
∂Fiα∂η




If we define the averaged quantity




2 + e(λF , λη|F̄ , η̄) (3.13)
for
e(λF ,λη|F̄ , η̄)
:= e(λF , λη)− e(F̄ , η̄)−
∂e
∂Fiα
(F̄ , η̄)(λF − F̄ )iα −
∂e
∂η
(F̄ , η̄)(λη − η̄),











2 + e(λF , λη)−
1
2
|v̄|2 − e(F̄ , η̄)
〉































































4. Measure-valued versus strong uniqueness
Due to the relative entropy inequality (3.15), we may now show that classical
solutions are unique in the class of dissipative measure-valued solutions. Henceforth,
we assume that the internal energy satisfies the following assumptions:
(H1) e ∈ C
3(Rd×d × R)
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(H2) c(|F |
p + |η|q − 1) ≤ e(F, η) ≤ c(|F |p + |η|q + 1)
(H3) |eF (F, η)| . 1 + |F |
p−1 + |η|q
p−1
p , and |eη(F, η)| . 1 + |F |
p q−1
q + |η|q−1.
To establish the measure-valued vs strong uniqueness result, we first assert that
the following bounds on the relative entropy and the terms on the right hand
side of (3.15) can be obtained given the above hypotheses and the quasiconvexity
assumption.
Lemma 1. Given hypotheses (H1) − (H3), for p, q ≥ 2, assume that the smooth
solution (F̄ , v̄, η̄) lies in the compact set
ΓK :=
{
(F̄ , v̄, η̄) : |F̄ (t, ·)| ≤ K, |v̄(t, ·)| ≤ K, |η̄(t, ·)| ≤ K
}
for a positive constant K. Then there exist constants C1, C2, C3 > 0 such that
|I(F, v, η|F̄ , v̄, η̄)| ≤ C1
(
|v − v̄|2 + |Vp(F − F̄ )|




|θ(F, η|F̄ , η̄)| ≤ C2
(
|Vp(F − F̄ )|





|Σ(F, η|F̄ , η̄)| ≤ C3
(
|Vp(F − F̄ )|








(F, η) ≥ δ > 0 , (4.4)





















|Vp(F − F̄ )|




for all (F̄ , v̄, η̄) ∈ ΓK.
Proof. For the proof of (4.1), observe that
e(F, η|F̄ , η̄) =
∫ 1
0
(1− s)D2e(F̄ + s(F − F̄ ), η̄ + s(η − η̄))(F − F̄ , η − η̄) : (F − F̄ , η − η̄) ds.
Given the set of hypotheses (H1) − (H3), (4.1) follows due to the Appendix as it
coincides with the proof of Lemma 3 (a) by setting ξ1 = F − F̄ , ξ2 = η− η̄, λ1 = F̄ ,
λ2 = η̄ and z1 = z2 = 0.
Moving to bound (4.2), we cannot use the proof in the Appendix directly, as θ
does not satisfy the same growth conditions as e.We start by expressing θ(F, η|F̄ , η̄)
as follows:
θ(F, η|F̄ , η̄) =
∫ 1
0
(1 − s)D2θ(F̄ + s(F − F̄ ), η̄ + s(η − η̄))(F − F̄ , η − η̄) : (F − F̄ , η − η̄) ds
so that
|θ(F, η|F̄ , η̄)| ≤ C
(
|F − F̄ |2 + |η − η̄|2
)
where C = C(d,maxD2θ) in the region |F − F̄ |+ |η − η̄| ≤ 1 and (F̄ , η̄) ∈ ΓK . If
|F − F̄ |+ |η − η̄| > 1 and (F̄ , η̄) ∈ ΓK we have

























. |θ(F, η)| + |F − F̄ |+ |η − η̄|+ 1
. |F |p
q−1





−1(|F − F̄ |p
q−1
q + |F̄ |p
q−1
q ) + 2q−2(|η − η̄|q−1 + |η̄|q−1)
+ |F − F̄ |+ |η − η̄|+ 1
. |F − F̄ |p + |η − η̄|q + |F − F̄ |+ |η − η̄|+ 1
. |F − F̄ |p + |η − η̄|q + |F − F̄ |+ |η − η̄|
. |F − F̄ |p + |η − η̄|q + (|F − F̄ |+ |η − η̄|)2
. |F − F̄ |p + |η − η̄|q + |F − F̄ |2 + |η − η̄|2
≤ C
(
|Vp(F − F̄ )|




because of (H3)2, Minkowski’s inequality and Young’s inequality.
Bound (4.3) can be obtained similarly by employing (H3)1, as now the function
Σ(F, η) is given by (1.4)2 as a partial derivative of e(F, η).





















|θ(F, η) − θ(F̄ , η̄)|2
θ(F, η)θ(F̄ , η̄)
. |θ(F, η) − θ(F̄ , η̄)|2
. |F − F̄ |2 + |η − η̄|2,
where the constants involved depend on (||r||L∞ ,K). If |F − F̄ |+ |η− η̄| > 1, given



















. |θ(F, η) − θ(F̄ , η̄)| . |θ(F, η)| + 1,
for all (F̄ , η̄) ∈ ΓK and for a constant depending on (||r||L∞ , δ,K). Then we can
proceed as above to bound the term |θ(F, η)|. This concludes the proof. 










where C0 = C0(e,K) > 0, C1 = C1(e,K) > 0 and ψ ∈ L
q(Q) with
∫
ψ = 0 and
φ ∈ W 1,p0 (Q). We will use (4.6) for (F̄ , η̄) a classical (Lipschitz) solution to (1.1)
to prove the measure-valued versus strong uniqueness result. Hence, the proof of
Theorem 1,relies on Theorems 3 and 4, and we refer the reader to those statements
for the proof of (4.6).
Lemma 2. Suppose that (ν, γ, F, v, η) is a dissipative measure-valued solution to
adiabatic thermoelasticity according to Definition 2 and that (F̄ , v̄, η̄) is a classical
solution to (1.1) with initial data (F 0, v0, η0) and (F̄ 0, v̄0, η̄0) respectively. Under
the assumptions of Theorem 3 and by denoting ν0 = νt0,x, it holds that
∫
〈ν0, |Vp(λF − F̄ (t0, x))|




〈ν0, e(λF , λη|F̄ (t0, x), η̄(t0, x))〉 dx
+ C̃1
∫
|Vp(y(t0, x)− ȳ(t0, x))|
2 dx,
(4.7)
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and
∫
〈ν0,|Vp(λF − F̄ (t0, x))|
2 + |Vq(λη − η̄(t0, x))|




〈ν0, I(F, v, η|F̄ , v̄, η̄; (t0, x))〉 dx
+ C̃1
∫
|Vp(y(t0, x)− ȳ(t0, x))|
2 dx,
(4.8)
for almost all t0 ∈ (0, T ). In addition, at t = 0
∫
I(F 0, v0, η0|F̄ 0, v̄0, η̄0) ≤ c̃
∫
|v0 − v̄0|2 + |Vp(F
0 − F̄ 0)|2 + |Vq(η
0 − η̄0)|2 .
(4.9)
Proof. We prove (4.7) as a result of Theorems 2 and 4. In (4.6) take F̄ = F̄ (t0, ·)
and η̄ = η̄(t0, ·) and then choose φ = zk(t, ·)− ȳ(t0, ·) and ψ = wk(t, ·)− η̄(t0, ·), as
in Theorem 1. Observe in this case, that the relative quantity e(F̄ +∇φ, η̄+ψ|F̄ , η̄)
becomes e(∇zk, wk|F̄ (t0, x), η̄(t0, x)). Integrating the resulting inequality in time
and since (∇zk, wk) generates the measure (νt0,x)x∈Q, (|∇zk|
p + |wk|
q) is weakly
relatively compact in L1(QT ) and zk → y(t0, ·) strongly in L
p(Q), we obtain in the
limit as k → ∞, inequality (4.7).
For (4.8), we exploit inequality (4.7), together with the fact that the relative
entropy I is given as a sum in (3.13). Let (F k, vk, ηk) be a generating sequense
satisfying
F k ∈ L∞(0, T ;Lp(Q)), vk ∈ L∞(0, T ;L2(Q)), ηk ∈ L∞(0, T ;Lq(Q)),
and consider a function g : QT × R
d×d × Rd × R such that
g(t, x, F, v, η) = gv(t, x, v) + gF,η(t, x, F, η),
where
|gv| ≤ c(1 + |v|
2) and |gF,η| ≤ c(1 + |F |
p + |η|q).
The action of the generated measure νt,x is equivalent with the action of ν
v ⊗ νF,η
for the measures νv and νF,η are generated by the sequenses (vk) and (F k, ηk)
respectively. Therefore, it suffices to add the term
∫
〈νv0 , |v − v̄(t0, x))|
2〉 dx
to inequality (4.6). Finally, (4.9) follows directly from Lemma 1 and in particular
bound (4.1). 
Using the averaged relative entropy inequality (3.15), we are now in a position to
prove that in the presence of a classical solution, given that the associated Young
measure is initially a Dirac mass, the dissipative measure-valued solution must
coincide with the classical one.
Theorem 1. Let Ū be a Lipschitz bounded solution of (1.1),(1.3) with initial data
Ū0 and (νt,x, γ, U) be a dissipative measure-valued solution satisfying (2.14),(2.15),
with initial data also Ū0, both under the constitutive assumptions (1.4) and such that
r(t, x) = r̄(t, x) ∈ L∞(QT ). Suppose that e is quasiconvex according to Definition
1 and the hypotheses (H1) − (H3) hold for p, q ≥ 2, together with (4.4). If ν0,x =
δŪ0(x) and γ0 = 0, we have that νt,x = δŪ and U = Ū a.e. on QT .
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Proof. Let {ϕn} be a sequence of monotone decreasing functions such that ϕn ≥ 0,









1 0 ≤ τ ≤ t
t− τ
ε
+ 1 t ≤ τ ≤ t+ ε
0 τ ≥ t+ ε
for some ε > 0. Writing the relative entropy inequality (3.15) for r(t, x) = r̄(t, x),











































Passing to the limit as n→ ∞ we get
∫
〈










νt,x, I(λF , λv, λη|F̄ , v̄, η̄)
〉



























and using the estimates (4.2), (4.3), and (4.5) we arrive at
∫
〈










νt,x, I(λF , λv, λη|F̄ , v̄, η̄)
〉







νt,x, |Vp(λF − F̄ )|




Passing now to the limit as ε→ 0+ and using the fact that γ ≥ 0 we get
∫
[〈νt,x, I(λF , λv,λη|F̄ , v̄, η̄)〉 dx ≤
∫
〈








νt,x, |Vp(λF − F̄ )|




which together with (4.1), (4.8), and (4.9) yields
∫
〈νt,x, |λv − v̄|
2+|Vp(λF − F̄ )|







νt,x, |Vp(λF − F̄ )|
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for a.e. t ∈ (0, T ). Here we used the assumptions that the two solutions have the
same initial data and that γ0 = 0. Note that the constant C depends only on the
smooth bounded solution Ū . To apply Grönwall’s inequality and close our argument
it remains to estimate the last term on the right hand-side of (4.11). This was done
in [9], using elliptic estimates and equation (1.1)1, together with (1.2). We also
refer the reader to [10, Remark 6] for the derivation of such lower order estimates
in a more general setting. In particular, we have
∫
|Vp(y − ȳ)|





νt,x, |Vp(λF − F̄ )|










and adding the term
∫
|Vp(y − ȳ)|




2 + |Vp(λF − F̄ )|
2 + |Vq(λη − η̄)|









νt,x, |Vp(λF − F̄ )|
2 + |Vq(λη − η̄)|
2
〉




Grönwall’s inequality completes the proof. 
Remark 3. The radiative heat supply r(t, x) is a field that can be regulated exter-
nally. Therefore, one could think instead the theory of thermoelasticity with zero
radiative heat supply and prove Theorem 1 in this less general setting. In the case
r(t, x) = r̄(t, x) = 0, the result of Theorem 1 holds without the assumption on the
temperature (4.4), and bound (4.5).
5. Localisation in time
In Theorem 1 we are required to localise our measure-valued solution in time and
the generating sequences for these localised measures must be given by a proper
time modification of the generating sequence for ν. However, due to the lack of
equiintegrability of the assumed generating sequence, we need to construct a new
sequence which lies on the desired wave cone, has suitable equiintegrability and
convergence properties and generates the localised measure (νt0,x)x∈Q. To this end,
we present the time-dependent decomposition lemma below which is not needed if,
instead of measure-valued solutions, weak solutions are considered.
Theorem 2. Let ν = (νt,x)(t,x)∈QT be a family of probability measures generated
by a sequence (∇yk, ηk) such that
(yk) is bounded in L
∞(0, T ;W 1,p(Q))
(∂t∇yk) is bounded in L
∞(0, T ;H−1(Q))
(ηk) is bounded in L
∞(0, T ;Lq(Q)),
and write (∇y, η) = 〈ν, id〉 for its centre of mass. Then, for almost all t0 ∈ (0, T ),
there exists a sequence (∇zk, wk) also bounded in L
∞(0, T ;Lp(Q))×L∞(0, T ;Lq(Q))
with the following properties
(1) (∇zk, wk) generates the measure (νt0,x)x∈Q as a p-q-Young measure;
(2) (|∇zk|
p + |wk|
q) is weakly relatively compact in L1(QT );
(3) zk → y(t0, ·) strongly in L
p(QT ).
Proof. For t0 ∈ (0, T ) define
yk,ε(t, x) := yk(t0 + εt/T, x), η
k,ε(t, x) := ηk(t0 + εt/T, x).
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We claim that for a.e. t0 an appropriate subsequence of (εk) can be chosen such that
(∇yk,ε, ηk,ε) generates the measure (νt0,x)x∈Q and that y
k,ε → y(t0, ·) in L
p(QT ).
To this end, note that, up to a subsequence which is not relabelled, for any g ∈
Cp,q(R





|〈νt0+εt/T,x, g(λF , λη)〉 − 〈νt0,x, g(λF , λη)〉| = 0. (5.1)
This is a consequence of [[9], Lemma 15] noting that the function v(t, x) = 〈νt,x, g〉








Hence, it follows that for any such g and E, denoting by XE the characteristic


















XE ((t− t0)T/ε, x) g(∇y









〈νt0,x, g(λF , λη)〉. (5.2)







|yk(t0 + εt/T, x)− y(t0, x)|
p = 0. (5.3)
Now, for g and E in a countable dense subset of Cp,q(R
d×d×R) and of the collection
of Borel subsets of QT , respectively, we may choose a subsequence (εk) such that












〈νt0,x, g(λF , λη)〉,
for all the elements of the countable subsets where g and E belong and, by density,
for all g ∈ Cp,q(R











generates the measure (νt0,x)x. Note also that
(∇yk,εk) ⊆ L∞(0, T ;Lp(Q)) and (ηk,εk ) ⊆ L∞(0, T ;Lq(Q)).
For n ∈ N and (z1, z2) ∈ R






n (z1, z2)/|(z1, z2)|, |z1|
2 + |z2|
2 > n2.
We observe that τn(z1, z2) =
(










n z1/|(z1, z2)|, |z1|
2 + |z2|
2 > n2,
and τηn(z1, z2) is defined respectively. It is straightforward to see that for fixed
n ∈ N the sequence
(
|τFn (z1, z2)|
p + |τηn(z1, z2)|
q
)








k,εk , ηk,εk)|p + |τηn(∇y
k,εk , ηk,εk)|q























k,εk , ηk,εk)− (∇yk,εk , ηk,εk )| = 0 (5.5)
due to the L1-equiintegrability of (∇yk,εk , ηk,εk). Then, from (5.4) and (5.5), there




kn,εkn , ηkn,εkn ), τηn(∇y





kn,εkn , ηkn,εkn )|p + |τηn(∇y
kn,εkn , ηkn,εkn )|q
)
is equiinegrable.
























, V (1)n := τ
F
n (∇y
kn,εkn , ηkn,εkn ),










kn,εkn , ηkn,εkn )
and Pcurl denotes the projection operator onto curl-free vector fields. For conve-
nience, let us write yn := ykn,εkn and ηn := ηkn,εkn and recall that Pcurl is a strong
(r, r) operator, 1 < r <∞. Then, for a.e. t ∈ (0, T ),
‖Ṽ (1)n (t, ·)‖Lp(Q) ≤ C‖∇y
n(t, ·)‖Lp(Q) ≤ C sup
t
‖∇yn(t, ·)‖Lp(Q),
‖Ṽ (2)n (t, ·)‖Lq(Q) ≤ C‖η
n(t, ·)‖Lq(Q) ≤ C sup
t
‖ηn(t, ·)‖Lq(Q),
which shows that the sequences (Ṽ
(1)
n ) and (Ṽ
(2)
n ) are bounded in L∞(0, T ;Lp(Q))
and L∞(0, T ;Lq(Q)) respectively. To see that (Ṽn) generates the measure (νt0,x)x∈Q,
note that, denoting by Pdiv the projection onto divergence-free vector fields,
| (∇yn(t, ·), ηn(t, ·))− Ṽn(t, ·)| ≤ |∇y
n(t, ·)− Ṽ (1)n (t, ·)|+ |η
n(t, ·)− Ṽ (2)n (t, ·)|
= |∇yn(t, ·)− τFn (∇y
n(t, ·), ηn(t, ·)) + Pdiv
(
τFn (∇y















≤ |∇yn(t, ·)− τFn (∇y
n(t, ·), ηn(t, ·))|+ |Pdiv
(
τFn (∇y




















However, for any ε > 0 and almost all t
Ld
(



























Then, we claim that
Ld+1
(


























n − τFn (∇y


























|∇yn|2 + |ηn|2 → 0,
whenever n→ ∞. Similarly we may prove that
∫
QT
In3 → 0 as n→ ∞. Since Pdiv









In2 → 0, whenever n→ ∞.
Concerning the last term, since ‖ηn−τηn(∇y
n, ηn)‖L1(QT ) → 0 and
∫
Q η
n(t, ·)dx = 0















which concludes the proof of the claim. From the above estimates we infer that the




n ) generates the Young measure (νt0,x)x∈Q.









n . We note that since Ṽ
(1)
n (t, ·) is curl-free for
a.e. t ∈ (0, T ), there exists zk ∈ L
∞(0, T ;W 1,p(Q)) s.t. Ṽ
(1)
n (t, ·) = ∇zn(t, ·). In
addition, we set wn := Ṽ
(2)
n (t, ·) to serve the requirements of the theorem.
Finally, for the strong convergence of the primitives of the sequence Ṽ
(1)
n we
follow the proof of [[9],Lemma 16]. We note that by (5.5) and the Lebesgue inter-








n| = 0 ⇒ lim
n
‖V (1)n −∇y
n‖Lr(Lm) = 0, (5.8)




n ), by adding ∇yn to both sides
and taking the divergence we get that
−∆(zn − yn) = div(∇yn − V (1)n ). (5.9)
Then, by standard elliptic estimates, for all 1 < m <∞ it holds that
‖∇zn(t, ·)−∇yn(t, ·)‖Lm(Q) . ‖∇y
n(t, ·)− V (1)n (t, ·)‖Lm(Q). (5.10)
In our setting we treat the case d = 3 and so letting m = 3p/(p+ 3), by Sobolev
embedding and (5.10) we have that
‖zn(t, ·)− yn(t, ·)‖Lp(Q) . ‖∇y
n(t, ·)− V (1)n (t, ·)‖Lm(Q),
and by integrating in time,
∫ T
0
‖zn(t, ·)− yn(t, ·)‖pLp(Q)dt .
∫ T
0
‖∇yn(t, ·)− V (1)n (t, ·)‖
p
Lm(Q) → 0,
as n → ∞. The last convergence comes from (5.8) and concludes the proof of the
theorem since, from (5.3), yn → y(t0, ·) in L
p(QT ).

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6. Gårding inequality
In this section, and more precisely in Theorem 4, we prove the G̊arding inequality
(6.13) which plays a crucial role in the proof of our weak-strong uniqueness result,
Theorem 1. We collect all continuous functions F̄ : Rd → Rd×d and η̄ : Rd → R in
the ball of L∞(Q) of radius K, with uniform modulus of continuity ω, in the set
UK :=
{





(F̄ , η̄) ∈ C(Q;Rd×d)× C(Q;R) : ‖F̄‖L∞(Q) + ‖η̄‖L∞(Q) ≤ K
}
.
Next, for (z1, z2) ∈ R
d×d × R and e ∈ C3(Rd×d × R) which satisfies the growth
conditions (H2) and (H3), we define the function
ẽ(z1, z2) := e(z1, z2)− C1|Vp(z1)|
2 − C2|Vq(z2)|
2,
which is not hard to check that satisfies the same growth and coercivity conditions
with e up to smaller positive constants. The corresponding Hessians of e and ẽ are
denoted by L and L̃ respectively, i.e.
L(λ1, λ2)[(ξ1, ξ2), (ξ1, ξ2)] := eFF (λ1, λ2)ξ1ξ1 + 2eηF (λ1, λ2)ξ1ξ2 + eηη(λ1, λ2)ξ2ξ2,
for all (ξ1, ξ2) ∈ R
d×d ×R and (λ1, λ2) ∈ B(0,K) := {λ ∈ R
d×d ×R : |λ| ≤ K}. In
the sequel, without loss of generality, we assume that p ≥ q. In the opposite case,
i.e. if p < q, the results below can be proved following the same strategy but with
the respective adjustments in the proofs.
We next prove a series of results which lead to the proof of Theorem 3. Lemma
3 provides some properties of the relative function e(·|·) and its proof can be found
in the Appendix. For brevity, henceforth, constants shown to depend on K, e.g.
C(K), may also depend on the modulus of continuity ω but the latter dependence
is omitted from the notation.
Lemma 3. Let f satisfy (H1), (H2) and (H3). Then the following hold:
(a) There exists C = C(f,K) such that for all (λ1, λ2) ∈ B(0,K)
|f(λ1 + ξ1, λ2 + ξ2|λ1, λ2)− f(λ1 + z1, λ2 + z2|λ1, λ2)|




p )|ξ1 − z1|




q )|ξ2 − z2|.
Additionally,







(b) For every δ > 0 there exists R = R(δ, f,K) > 0 such that for all (λ1, λ2),
(µ1, µ2) ∈ B(0,K) with |(λ1, λ2)− (µ1, µ2)| < R, it holds that








(c) There exist constants d1 = d1(f,K), d2 = d2(f,K) such that for all
(λ1, λ2) ∈ B(0,K)













Next, we prove two important properties of the function ẽ. In the first lemma
below, Lemma 4, we show that ẽ retains the key quasiconvexity property of e in
B(0,K), and as a consequence of this result we next prove in Lemma 5 that the
Hessian L̃ is positive for fixed x0 ∈ Q.
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Lemma 4. The function ẽ is strongly quasiconvex at all (λ1, λ2) ∈ B(0,K) with
constant c0/2, i.e. for any Q
′ ⊆ Q and all |λ1|+ |λ2| ≤ K
∫
Q′






holds for all φ ∈W 1,p0 (Q
′) and ψ ∈ Lq(Q′).
Proof. Let Q′ ⊆ Q, φ ∈ W 1,p0 (Q
′), ψ ∈ Lq(Q′) and (λ1, λ2) ∈ B(0,K). Then
∫
Q′






































q−2ψ + |ψ|2 =: I1 + I2 + I3.




|∇φ|p + |∇φ|2 + |ψ|q + |ψ|2,
and for f(·) = |Vi(·)|
















So, we may choose C1 ≤ c0/(2C) and C2 ≤ c0/(2C) to conclude the proof. 
As a consequence of the above lemma, in the result below, we deduce the posi-
tivity of the Hessian L̃ for fixed x0 ∈ Q.
Lemma 5. Let Q′ ⊆ Q and x0 ∈ Q
′. Then for all φ ∈ W 1,p0 (Q












where F̄0 = F̄ (x0) and η̄0 = η̄(x0).
Proof. The quasiconvexity of ẽ, Lemma 4, says that I(φ, ψ) ≥ I(0, 0) for all φ ∈
W 1,p0 (Q
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ẽF (F̄0 + ε∇φ, η̄0 + εψ)∇φ+ ẽη(F̄0 + ε∇φ, η̄0 + εψ)ψ















ẽFF (F̄0 + ε∇φ, η̄0 + εψ)∇φ : ∇φ+ ẽηη(F̄0 + ε∇φ, η̄0 + εψ)ψ · ψ






























We are now ready to prove a G̊arding-type inequality for the delocalised version
of the Hessian L̃, which is crucial for the contradiction argument of the proof of
Theorem 3.















for all φ ∈W 1,p(Q), ψ ∈ Lq(Q) and (F̄ , η̄) ∈ UK .
Proof. Fix δ > 0 and pick a finite cover {Qi}i, Qi := Q(xi, ri) ⊆ Q such that
|ẽFF (F̄ (x), η̄(x)) − ẽFF (F̄ (xi), η̄(xi))| + |ẽηη(F̄ (x), η̄(x)) − ẽηη(F̄ (xi), η̄(xi))|




Note that since (F̄ (x), η̄(x)) ∈ UK (bounded with uniform modulus of continuity)
and ẽ ∈ C2 the cover can be chosen uniformly.






i = 1. Given












































Since we already bounded the term
∑
i Ii from below, it remains to prove a similar




ẽFF (F̄i, η̄i)∇(ρiφ) : ∇(ρiφ) + ẽηη(F̄i, η̄i)(ρiψ) : (ρiψ)
+ 2ẽFη(F̄i, η̄i)∇(ρiφ) : (ρiψ) +
∫
Qi




ẽFF (F̄i, η̄i)∇(ρiφ) : (φ⊗∇ρi)−
∫
Qi





In particular, for T 1i we apply Lemma 5 testing with ρiφ ∈ W
1,p
0 (Qi) and ρiψ ∈
Lq(Qi) to infer that









For the remaining three terms, by Young’s inequality, we find that























Finally combining all the above and since
|∇(ρiφ)|











2 = |ρi∇φ+ φ⊗∇ρi|
2 ≥ (1− δ)ρ2i |∇φ|





L̃(F̄ , η̄)[(∇φ, ψ), (∇φ, ψ)] & (1 − δ)2
∫
Q′





The following lemma shows that the function ẽ(·|·) has convex-like behaviour on
the wave cone when it is integrated over cubes with sufficiently small radius and
plays a crucial role in the proof of Proposition 2.
Lemma 6. There exists R = R(c0,K) > 0 such that for all x0 ∈ Q the inequality
∫
Q(x0,R)








holds for all φ ∈W 1,p0 (Q(x0, r)) and ψ ∈ L
q(Q(x0, r)) with r ≤ R.
Proof. Observe that by Lemma 3 (b), letting δ = c0/4 we find R = R(c0, ẽ, K) such
that for all (F̄ , η̄) ∈ UK and whenever |x− x0| < R
∣











Note here that ẽ satisfies the growths of Lemma 3. So for φ ∈ W 1,p0 (Q(x0, r)) and
ψ ∈ Lq(Q(x0, r)) with r ≤ R we infer that
∫
Q(x0,R)
ẽ(F̄ +∇φ, η̄ + ψ|F̄ , η̄) ≥
∫
Q(x0,R)































where in the last inequality we used Lemma 4 and that
∫
Q(x0,R)
∇φ = 0. 
We next prove a central result which can be seen as a limiting version of a G̊arding
inequality and replaces the quasiconvexity condition in the proof of Theorem 3.
Proposition 2. Let (F̄k, η̄k)k ⊆ UK , (φk)k ⊆ W
1,p(Q), (ψk)k ⊆ L
q(Q) and
(ak)k ⊆ R such that






































is bounded in L1(Q) we may assume
that (up to a subsequence)
a−2k |Vp(∇φk)|
2 + a−2k |Vq(ψk)|
2Ld Q
∗
⇀ µ, in M(Q) = (C(Q))∗ .
Since µ is a positive measure, there can be at most a countable number of hyper-
planes parallel to the coordinate axes which admit posotive µ-measure. Hence, we
can extract a finite cover of Q by non overlapping cubes Qrj := Q(xj , rj) with the
property that rj < R, so that Lemma 6 applies and that
µ(∂Q(xj , rj)) = 0. (6.1)
Next, consider cut-off functions ρj ∈ C
∞
c (Q(xj , rj)) such that for λ ∈ (0, 1)




For simplicity, we denote Qrj := Q(xj , rj) and Qλrj := Q(xj , λrj). We now apply
Lemma 6 for the functions ρjφk ∈W
1,p
0 (Qrj ) and ρjψk ∈ L










ẽ(F̄k +∇(ρjφk), η̄k + ρjψk|F̄k, η̄k),






















































where in the last inequality we used the definition of the cut-offs and the fact that
∇(ρjφk) = φk ⊗ ∇ρj + ρj∇φk. We observe that the second term of the left hand




















































































≤ a−2k lim infk
∫
Q









Finally, send λ→ 1 to complete the proof via (6.1). 
The G̊arding inequality, Theorem 4, follows as a consequence of Theorem 3 below
which forms the core of this section.
Theorem 3. Assume that e satisfies (H1), (H2), (H3). There exists ǫ0 > 0 and
constants C̃0 = C̃0(e,K) > 0, C̃1 = C̃1(e,K) > 0 such that for all (F̄ , η̄) ∈ UK ,
φ ∈ W 1,p0 (Q) and ψ ∈ L
q(Q) with
∫

















Proof. It is enough to show the existence of some ǫ0 > 0 such that for all (F̄ , η̄) ∈
UK , ψ ∈ L




ẽ(F̄ +∇φ, η̄ + ψ|F̄ , η̄) +
Cpen
2
|φ|2 ≥ 0. (6.2)
Indeed, due to the convexity of the functions |Vp(·)|
2 and |Vq(·)|
2, we see that (6.2)
implies the required inequality.
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We proceed by contradiction. Suppose that (6.2) fails. Then, there exist (F̄k, η̄k)k ⊆
UK , (ψk)k ⊆ L
q(Q) zero-average and (φk)k ⊆ W
1,p
0 (Q) with ‖φk‖Lp(Q) → 0 and














































Indeed, by Lemma 3 (c) and Young’s inequality we infer that
ẽ(F̄k +∇φk, η̄k + ψk|F̄k, η̄k) = ẽ(F̄k +∇φk, η̄k + ψk)− ẽ(F̄k, η̄k)





















The above inequality tell us that the sequences (∇φk)k and (ψk)k are bounded
in Lp(Q) and Lq(Q) respectively. We now apply Proposition 2 for the sequences













ẽ(F̄k +∇φk, η̄k + ψk|F̄k, η̄k) < 0,
and so, up to a subsequence, ‖∇φk‖Lp(Q) → 0 and ‖ψk‖Lq(Q) → 0.







































and so by dividing both inequalities by α2k we conclude the proof of this step.













L2(Q) = 1 we find s ∈W
1,2
0 (Q) and c ∈ L
2(Q) with
∫
Q c = 0
such that sk ⇀ s in W













we also infer that ‖MFk ∇sk‖Lp(Q), ‖M
η




k ∈ (0, 1]. The
first two bounds come directly from the definition of the sequences sk and ck, while
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for k large enough. The last inequality comes from the fact that since p ≥ q










































According to the Decomposition Lemmas [[17], Lemma 3.4], [[20], Lemma 8.13]
there exist functions gk ∈ C
∞
c (Q), bk ∈ W
1,2(Q), Gk ∈ L
2(Q) and Bk ∈ L
2(Q)
such that (up to common subsequences)
(a) sk = s+ gk + bk;
(b) gk, bk ⇀ 0 in W
1,2(Q) and MFk gk, M
F





















(a’) ck = c+Gk +Bk;
(b’) Gk, Bk ⇀ 0 in L
2(Q) and MηkGk, M
η

























ẽ(F̄k + αk∇sk, η̄k + αkck|F̄k, η̄k)− ẽ(F̄k + αk∇bk, η̄k + αkBk|F̄k, η̄k)
)





































2 < 0. (6.5)
Step 3: In this step we show that the contribution of the concentrating part must






ẽ(F̄k + αk∇bk, η̄k + αkBk|F̄k, η̄k) ≥ 0.




2 + αp−2k |bk|
p . |bk|
2 + ΛF |MFk bk|
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to infer that















ẽ(F̄k + αk∇bk, η̄k + αkBk|F̄k, η̄k).









2 < 0. (6.6)
Step 4: Next, consider the (curl, 0)-2-Young measure generated by the sequence
(∇sk, ck), say ν = (νx)x∈Q, and recall that (F̄k, η̄k) → (F̄ , η̄) in C







νx, L̃(F̄ (x), η̄(x)) [Λ,Λ]
〉





where for simplicity we use the notation Λ := (λF , λη).
We first prove the equiintegrability of fk. By Lemma 3 (a) we find that
|fk| =
























|∇sk|+ |ck|+ |∇bk|+ |Bk|+ α
p−2
k |∇sk|






|∇sk|+ |ck|+ |∇bk|+ |Bk|+ α
q−2
k |ck|










q αk|c+Gk| =: I1 + I2 + I3.
Regarding Ik, k = 1, 2, for a given set A ⊂ Q, we apply Young’s inequality and we
integrate both sides to infer that
∫
A
































p + C(δ)αq−2k |c+Gk|
q + δαq−2k |Bk|
q + C(δ)αp−2k |∇s+∇gk|
p.
Combing the above we conclude that
∫
A













All sequences appearing on the right hand side are equiintegrable so, choosing
δ > 0 appropriately, we see that fk is equiintegrable. Since ∇sk, ck, ∇bk, Bk ⇀ 0
















for all m ≥ mε, where
Ak =
{























∣ < ε, for all m ≥ mε. (6.8)






































































for all m ≥ mε. However 1B(0,m) is lower semicontinuous and hence, for all x ∈ Q
the function
Λ 7→ L̃(F̄ , η̄)[ Λ,Λ ]1B(0,m)(Λ)



















L̃(F̄k, η̄k)[ (∇sk, ck), (∇sk, ck) ]
where the last equality follows by the strong convergence (F̄k, η̄k) → (F̄ , η̄) in












L̃(F̄k, η̄k)[ (∇sk, ck), (∇sk, ck) ] + ε, (6.10)


















L̃(F̄k + tαk∇sk, η̄k + tαkck)[ (∇sk, ck), (∇sk, ck) ]
− L̃(F̄k + tαk∇bk, η̄k + tαkBk)[ (∇bk, Bk), (∇bk, Bk) ]
)
dt.
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Then, since
∫ 1






L̃(F̄k + tαk∇sk, η̄k + tαkck)[ (∇sk, ck), (∇sk, ck) ]














(1− t)L̃(F̄k + tαk∇bk, η̄k + tαkBk)[ (∇bk, Bk), (∇bk, Bk) ] dt





















Recall that αk → 0 and (F̄k, η̄k) → (F̄ , η̄) in C
0(Q). Thus, for Ik1 and since we are




L̃(F̄k + tαk∇sk, η̄k + tαkck)[ (∇sk, ck), (∇sk, ck) ]









1 → 0 by dominated convergence. As for I
k
3 , again since L̃ is contin-
uous and ‖(F̄ , η̄)‖L∞(Q) ≤ K, we get that
|Ik3 | ≤ C(W,K)m









3 → 0 as ∇bk → 0 and Bk → 0 in measure. We note here that
{x ∈ Q : |∇bk(x)|
2 + |Bk(x)|
2 ≥ ε2}
⊆ {x ∈ Q : |∇bk(x)|
2 ≥ ε2/2} ∪ {x ∈ Q : |Bk(x)|
2 ≥ ε2/2}.
Lastly, for Ik4 , as we are in Bk and t ∈ (0, 1), we get that
(F̄k, η̄k) + tαk(∇bk, Bk) → (F̄ , η̄), k → ∞,
uniformly and thus
|Ik4 | ≤ C(W,K)(|∇bk|
2 + |Bk|
2) ≤ C(W,K)m(|∇bk|+ |Bk|) → 0
in measure. In particular, restricting to Bk,
∫
Q
Ik4 → 0 by dominated convergence.




















for all m ≥ mε. Since ε is arbitrary and the dependence on mε has been removed,


























2 < 0. (6.12)
QUASICONVEX THERMOELASTICITY 31
Step 5: In this step we show how (6.12) leads to a contradiction. By Lemma 5 the
function
h(x, ξ1, ξ2) := L̃(F̄ (x), η̄(x))[ (ξ1, ξ2), (ξ1, ξ2) ]
is strongly quasiconvex for each x ∈ Q. We note here that our definition of qua-
siconvexity is equivalent with the definition of A-quasiconvexity for A = (curl, 0),
see Remark 1. Hence, since (∇sk, ck) generates the (curl, 0)-2-Young measure (νx)x
and h(x, ξ1, ξ2) grows quadratically in (ξ1, ξ2), Jensen’s inequality forA-quasiconvex
functions says that for a.e. x ∈ Q
L̃(F̄ , η̄)[ (∇s, c), (∇s, c) ] ≤
〈
νx, L̃(F̄ , η̄)
[















νx, L̃(F̄ , η̄)
[
















In particular, combining with the above we see that ∇s = 0 and c = 0, and by
the Poincaré inequality s = 0. We may thus apply Proposition 2 for the sequences
(F̄k, η̄k)k, (αksk)k, (αkck)k and (αk)k since
α−2k |Vp(αksk)|
2 = |sk|
2 + αp−2k |sk|
p . |sk|
2 + ΛF |MFk sk|


















































2 + αp−2k |∇sk|






















But c0 > 0, concluding the proof. 
We are now ready to prove our main result, the G̊arding inequality. Note here
that it suffices to show that the G̊arding inequality of Theorem 3 remains valid for
test functions ψ such that ‖ψ‖Lq(Q) > ε0.
Theorem 4. There exists constants C0 = C0(e,K) > 0, C1 = C1(e,K) > 0 such























Proof. We claim that for all ε > 0 and all (F̄ , η̄) ∈ UK , ψ ∈ L
q(Q) zero-average
















where C0 and C1 also depend on ǫ. By the assumed coercivity of e, its smoothness
and the fact that (F̄ , η̄) ∈ UK , we use Young’s inequality to estimate
e(F̄ +∇φ, η̄ + ψ|F̄ , η̄) ≥ c
(
−1 + |F̄ +∇φ|p + |η̄ + ψ|q
)
− C(δ)|e1(F̄ , η̄)|
p′ − δ|∇φ|p − C(δ)|e2(F̄ , η̄)|
q′ − δ|ψ|q
≥ −C(δ) + (21−pc− δ)|∇φ|p + (21−qc− δ)|ψ|q.
Since p ≥ q, choose δ = 2−pc to find that
e(F̄ +∇φ, η̄ + ψ|F̄ , η̄) ≥ −C + 2−pc|∇φ|p + 2−qc|ψ|q. (6.15)































2 = ‖∇φ‖2L2(Q) + ‖∇φ‖
p



























































which is the desired inequality. However, Theorem 3 says that there exists ε0 > 0













Choosing ε = ε0 we conclude the proof. 
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Appendix A. Proof of Lemma 3
Proof. We define the associated Hessian Lf as follows
Lf(λ1, λ2)[(ξ1, ξ2), (ξ1, ξ2)] :=fFF (λ1, λ2) ξ1 : ξ1 + fηη(λ1, λ2) ξ2 ξ2
+ 2fFη(λ1, λ2) ξ1 ξ2.
In the sequel we write simply L instead of Lf .
For (a), note that if |ξ1|+ |ξ2|+ |z1|+ |z2| ≤ 1, it holds that






L(λ1 + tξ1, λ2 + tξ2)[ (ξ1, ξ2), (ξ1, ξ2) ]








L(λ1 + tξ1, λ2 + tξ2)[ (ξ1, ξ2), (ξ1, ξ2) ]








L(λ1 + tξ1, λ2 + tξ2)[ (ξ1, ξ2), (z1, z2) ]








L(λ1 + tξ1, λ2 + tξ2)[ (z1, z2), (z1, z2) ]






(1− t)(I1 + I2 + I3)dt.
Concerning the term I we observe that
I1 ≤ |I1| ≤ |fFF (λ1 + tξ1, λ2 + tξ2)||ξ1||ξ1 − z1|
+ |fηη(λ1 + tξ1, λ2 + tξ2)|ξ2||ξ2 − z2|+ 2|fFη(λ1 + tξ1, λ2 + tξ2)||ξ1ξ2 − z1z2|,
and since ξ1ξ2 − z1z2 = ξ1ξ2 − z1ξ2 + z1ξ2 − z1z2 we infer that
I1 ≤ C
(











Similarly for I2 we find that
I2 ≤ C
(
















|z1|+ |z2| it holds that
I3 ≤ |I3| ≤ C
(











Combining the above we deduce that
|f(λ1 + ξ1, λ2 + ξ2|λ1, λ2)− f(λ1 + z1, λ2 + z2|λ1, λ2)|
.
(




|ξ1|+ |ξ2|+ |z1|+ |z2|
)
|ξ2 − z2|.
34 M. GALANOPOULOU, A. VIKELIS, AND K. KOUMATOS
Now, for |ξ1|+ |ξ2|+ |z1|+ |z2| > 1
|f(λ1 + ξ1, λ2 + ξ2|λ1, λ2)− f(λ1 + z1, λ2 + z2|λ1, λ2)|
= |f(λ1 + ξ1, λ2 + ξ2)− f(λ1 + z1, λ2 + z2) + fF (λ1, λ2)(ξ1 − z1)
+ fη(λ1, λ2)(ξ2 − z2)|
≤ |f(λ1 + ξ1, λ2 + ξ2)− f(λ1 + z1, λ2 + ξ2)|
+ |f(λ1 + z1, λ2 + ξ2)− f(λ1 + z1, λ2 + z2)|
+ C|ξ1 − z1|+ C|ξ2 − z2| =: J1 + J2 + J3






λ1 + z1 + t(ξ1 − z1), λ2 + ξ2
)
|dt · |ξ1 − z1|




p )|ξ1 − z1|




p )|ξ1 − z1|.
Similarly for the second term
J2 .
(







For J3, since |ξ1|+ |ξ2|+ |z1|+ |z2| > 1 we have that
J3 .
(




|ξ1|+ |ξ2|+ |z1|+ |z2|
)
|ξ2 − z2|,
and together with the first two terms we deduce that
|f(λ1 + ξ1, λ2 + ξ2|λ1, λ2)− f(λ1 + z1, λ2 + z2|λ1, λ2)|




p )|ξ1 − z1|




q )|ξ2 − z2|.
For the second part we just set (z1, z2) = (0, 0) in the above inequality and apply
Young’s inequality to conclude the proof of (a).
Concerning (b) we see that for |ξ1|+ |ξ2| ≤ 1 and ξ = (ξ1, ξ2), it holds



















When |ξ1|+ |ξ2| > 1, from the growth of Df = (fF , fη), we have that
|f(λ1 + ξ1, λ2 + ξ2|λ1, λ2)− f(µ1 + ξ1, µ2 + ξ2|µ1, µ2)|
≤
∣
































ξ1 + µ1 + t(λ1 − µ1), λ2 + ξ2
)






µ1 + ξ1, ξ2 + µ2 + t(λ2 − µ2)
)



























|λ1 − µ1|+ |λ2 − µ2|
)
.






q−1 ≤ 2 +
|ξ1|
p+ |ξ2|







cases we infer that
|f(λ1 + ξ1, λ2 + ξ2|λ1, λ2)− f(µ1 + ξ1, µ2 + ξ2|µ1, µ2)|
≤ C
(









and by choosing R < δ/C we conclude the proof of part (b).
Regarding the proof of (c), again for |ξ1|+ |ξ2| ≤ 1, since p, q ≥ 2
f(λ1 + ξ1, λ2 + ξ2|λ1,λ2) =
∫ 1
0













For the case |ξ1|+ |ξ2| > 1, from the coercivity of f we have that

























So, combining the two cases, we may choose d1, d2 > 0 to conclude the proof of the
lemma. 
Appendix B. Symmetrisable Systems of Conservation Laws
Systems of conservation laws describing the evolution of a function U : R+×Rd →
R
n have the form
∂tA(U) + ∂αfα(U) = 0 (6.17)
where A and fα : O ⊂ R
n → Rn, α = 1, . . . , d, are smooth functions describing
fluxes. Here the matrix A(U) is globally invertible on the domain of definition
O ∋ U and ∇A(U) is nonsingular. System (6.17) is endowed with an entropy -
entropy flux pair η, qα : R
n → R if any smooth solution U(t, x) ∈ C1(Rn) of (6.17)
satisfies the additional conservation law of entropy
∂tη(U) + ∂αqα(U) = 0 . (6.18)
This is equivalent to the existence of a multiplier G : Rn → Rn which is a smooth
function of the solution G = G(U) satisfying the relations
G · ∇A = ∇η
G · ∇fα = ∇qα
(6.19)





In particular, whenever (6.19) is satisfied by a smooth solution of (6.17), then it
also satisfies the entropy production (6.18).
Suppose now that (6.17) is endowed with a smooth entropy pair η − qα, that is
for some multiplier G(U) relations (6.20) are satisfied. We can rewrite (6.17) for
smooth solutions, in the form of an equivalent system with symmetric coefficients:
(∇GT∇A)∂tU + (∇G
T∇fα)∂αU = 0. (6.21)
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The hypothesis
∇GT∇A > 0
guarantees that the system (6.17) is symmetrisable in the sense of Friedrichs and
Lax [4], it has real eigenvalues and it is hyperbolic. Moreover, it induces a relative
entropy identity and therefore a notion of stability for the system (6.17), see [4, 21].




Gk∇2Ak > 0 . (6.22)
For weak solutions the entropy pair η − qα gives rise to a notion of admissibility.
The function U ∈ L1loc(R
n) is an entropy weak solution if it satisfies, in the sense
of distributions, (6.17) and the entropy inequality
∂tη(U) + ∂αqα(U) ≤ 0. (6.23)
Adiabatic thermoelasticity (1.1) fits into the general form of system (6.17), by
setting
U = (F, v, η) A(U) =
(
F, v, 12 |v|
2 + e(F, η)
)
.
The positivity condition θ = ∂e/∂η > 0 for the temperature guarantees that A(U)
is invertible and ∇A(U) is nonsingular. By construction of the theory, there is a
multiplier G(U) that leads to the entropy pair η̌(U) - q̌α(U) with























and thus the condition of symmetrisability (6.22) amounts to e(F, η) strongly convex
and θ(F, η) = ∂e(F,η)∂η > 0. Convexity of e(F, η) suffices to apply the standard theory
of conservation laws to (1.1) and, in that case, the entropy admissibility inequality
(6.23) amounts to the growth of the physical entropy.
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